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ABSTRACT 

We have examined the momentum expansion of the disk level S-matrix element of two 
tachyons and two gauge fields to find, up to on-shell ambiguity, the couplings of these fields 
in the world volume theory of N coincident non-BPS D-branes to all order of a' . Using the 
proposal that the action of D-brane-anti-D-brane is given by the projection of the action 
of two non-BPS D-branes with (—1)^^, we find the corresponding couplings in the world 
volume theory of the brane-anti-brane system. Using these infinite tower of couplings, we 
then calculate the massless pole of the scattering amplitude of one RR field, two tachyons 
and one gauge field in the brane-anti-brane theory. We find that the massless pole of the field 
theory amplitude is exactly equal to the massless pole of the disk level S-matrix element of 
one RR, two tachyons and one gauge field to all order of ol . We have also found the couplings 
of four tachyons to all order of a' by examining the S-matrix element of four tachyons. 



1 Introduction 



Brane-anti-brane system has been used to model inflation in string tlieory[H E], [3l H]. When 
branes are very far away from each other, the transverse scalar field which describes the 
motion of one brane in the background of the other brane plays the role of inflaton. The 
dynamics of the moving brane in this period is very well described at low energy by the DBI 
action. On the other hand, when branes come within a critical distance from each other, the 
string stretching between the two branes become tachyonic and inflation ends. The dynamics 
of the brane-anti-brane in this period is very important for studying the reheating O [6l [7] . 
Brane-anti-brane system has been also used to study spontaneous chiral symmetry breaking 
in holographic model of QCD [HI [HI [10] . In these studies, flavor branes introduced by placing 
a set of parallel branes and anti-branes on a background dual to a confining color theory 

It is important then to study the world-volume theory of Dp-brane-anti-Dp-brane. The 
world- volume theory of this system has tachyon, massless and infinite tower of massive fields 
which can be described by Berkovits' superstring field theory fTZl [T3] . The world- volume 
theory may be rewritten in terms of the tachyon and massless fields and infinite number of 
derivative terms reflecting the effect of massive fields. We call this field theory " the higher 
derivative theory". When the world volume fields vary slowly the higher derivative theory 
should be reduced to the effective theory. It is known that the vortex solution of the field 
theory of the Dp-brane-anti-Dp-brane pair should describe the stable Dp_2-brane [H]. An 
effective action for brane-anti-brane which has this property has been proposed in [15] 

S = -TpJ (P^^aV{T) det A^^) + \/- det A^^)^ , (1) 

where 

A;r; = V,u + 27Ta'Fl^:'> + 7ra'{D,T{D,Ty + D,T{D,Ty). (2) 

where Tp is the Dp-brane tension and DaT = daT — i{A^^^ — A^^^)T. The above action is 
a generalization of the tachyon DBI action [16l [171 [IS [IH]. The above action has a vortex 
solution whose world- volume action is given by the DBI action of stable Z^p_2-brane [15]. It 
is difficult to find the higher derivative corrections to this action. 

Another proposal for the effective action of the brane-anti-brane pair which is based on 
the S-matrix elements calculation is given by [201 [21] 

Sdbi = -Tp J rf^+VSTr (v{T)^- detir]ab + 2na'Fab + 2na'DaTDbT)^ , (3) 

The trace in the above action should be completely symmetric between all matrices of the 
form Fab, DgF , and individual T of the tachyon potential. These matrices are 

^'^^ = (^0' Fi?)' T)'^=(t* 0) 
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To implement the symmetric trace prescription, one must first expand the action then make 
each terms symmetric and finally take the trace. This in particular gives a coupling between 
and F^^). There is no such coupling in ([1]). The above action has been found from the 
effective field theory of = 2 non-BPS branes by projecting it with (—1)'^^ where is the 
spacetime left-handed fermion number. On the other hand, the effective field theory of two 
non-BPS D-branes has been assumed to be the natural non-abelian extension of the tachyon 
DBI action, i.e., the action ([3]) without restricting the matrices to (jl]). In this paper, we 
would like to study the higher derivative corrections to this action. 

A method for finding the higher derivative theory is to study the S-matrix elements of 
this theory and compare them with the S-matrix elements of string theory. If this higher 
derivative theory is going to be identical with the string theory, the S-matrix elements of 
the higher derivative theory must be identical to the momentum expansion of the S-matrix 
elements of string theory. Hence, by calculating the S-matrix elements of string theory and 
finding their momentum expansions, one can find the appropriate higher derivative couplings 
in the field theory. For instance, the string theory S-matrix element of one RR field and two 
tachyons can be reproduced by the higher derivative theory of the brane-anti-brane system 
if it includes the following couplings 
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2^«VpE«n(yl C^-^^{D-DaT{DT ADT*) (5) 



n=0 



where a„'s are some known numbers. Or the S-matrix element of one RR and two gauge 
fields can be reproduced by the higher derivative field theory if it includes 

|^(2W)2c,_3A ||f; hr,{ar^^^'^^■■■^'^-^^F^^a,■■■^a„^,F^ (6) 

where 6„'s are some known numbers. In above couplings F is one of the gauge fields of 
the brane-anti-brane system. In the above examples, it is trivial to find the momentum 
expansions of the S-matrix elements in the string theory side, however, in higher point 
functions, it is nontrivial to find their momentum expansions. The momentum expansion of 
the S-matrix element of one RR, two tachyons and one gauge field has been found in [23l [22] . 
They can be reproduced by the higher derivative theory if it includes the following couplings 
for Cp_3: 

p,n,m=0 \ / 

^{D^D,rD,, ■ ■ ■ D,jDa, ■ ■ ■ Da^DT A ■ ■ ■ D^.^DT*) (7) 

where again Cp^„^m's are some known numbers. And the following couplings for Cp_i: 

- 2aVp E «n [jj Cp-i A (Z}"Z},)"(F|T|2) (8) 
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where exactly the numbers that appear in ([5]), and 

2(a')Vp E e,,„,„(«')'"^+" I C,^l^ (9) 

p,n,m,=0 \ / 

+2Da, ■ ■ ■ Da,XDbD^' ■ ■ ■ D'^^DT a 0^0^"^+' ■ ■ ■ D^^^DT*)d''' ■ ■ ■ d^^db, ■ ■ ■ db.^^F^" 
+dbd''' ■■■d''"db,--- db^„^F^ ADa,--- Da„ {D^D^^ ■ ■ ■ D^"' DT D"" D^^+' ■ ■ ■ D^^-^T*) 
+dbd''' ■ ■ ■ d^^'db, ■ ■ ■ db^^Fc A • Da„{D^D^^ ■ ■ ■ DT* D^^+^ ■ ■ ■ D^^^T) 

where ep^n,m. are some other known numbers. It has been argued in [22] that the tachyon 
couphngs in ([5]), (I7j) and (IE]) have no on-shell ambiguity. Having different couphngs in the 
higher derivative theory without on-shell ambiguity, one can then find the effective theory by 
restricting the fields to be slowly varying fields. It is shown in [22] that the above couplings 
reduce to the Wess-Zumion effective couplings of brane-anti-brane system [211 ISSl [26] for 
slowly varying fields. In this paper, we would like to extend the above discussion to find the 
higher derivative tachyon couplings corresponding to the non-abelian tachyon DBI action. 

An outline of the rest of paper is as follows. In the next section, we find the momentum 
expansion of the string theory S-matrix element of two tachyons and two gauge fields in the 
world volume theory of N non-BPS D-branes. We then write a tower of infinite number 
of two-tachyon-two-gauge field couplings which reproduce the above momentum expansion. 
We repeat the same steps to find the couplings of four massless transverse scalar fields and 
the couplings of four tachyons. In section 3, using the proposal that the action of brane- 
anti-brane can be found from the action of = 2 non-BPS branes by projecting it with 
(— 1)-^^, we find the corresponding couplings in the brane-anti-brane theory. Using the two- 
tachyon-two-gauge field couplings of brane-anti-brane, we calculate the massless pole of the 
scattering amplitude of one RR field, two tachyons and one gauge field. We then compare 
the result with the corresponding massless pole in the string theory S-matrix element [22] . 
We find exact agreement. 



2 Higher derivative terms of non-BPS branes 

The world volume of coincident non-BPS D-branes has A^^ tachyons and A^^ gauge fields. 
The higher derivative theory of non-BPS branes which includes the kinetic terms and the 
couplings of these fields may be found by studying the S-matrix elements in the field theory 
and in the string theory. The S-matrix elements on the world volume of unstable branes 
may have no clear physical interpretation, however, one expects that the string theory S- 
matrix elements should be reproduced by the higher derivative theory if the two theories are 
going to be identical. In this section we would like to find the two-tachyons-two-gauge fields 
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couplings and four-tachyons couplings which produce the string theory S-matrix elements to 
all order of a! . We begin with the S-matrix element of two tachyons and two gauge fields. 



2.1 Two tachyons and two gauge fields couplings 

The S-matrix element of two gauge fields and two tachyons in string theory side is given by 
[271 EH] 



A = Ai{2TTa')T^ 
+7 



1 /_ r(-2.)r(i/2-2t) _ r(-2.)r(i/2-2^) 

2^^^^\ r(-l/2-2s-2t) ^r(-l/2-2s-2M) 

r(i/2-2M)r(i/2-2t)\ 
r(i + 2s) J 



,^ , ^ , ( T{-2s)T{l/2-2t) r(-2s)r(-l/2-2n) 



(10) 



r(l/2-2s-2t) r(-l/2-2s-2M) 

+^ r(-2t-2.) 

where Q is the polarization of gauge fields. The Mandelstam variables are 

s = -a'ih + k2f/2 , 
t = -a'{k2 + hf/2 , 

u = -a\k^ + k^f/2. (11) 

The momenta of the gauge fields (tachyons) are fci, k2 {ks, k^). The on-shell condition for 
the tachyons are fcf = 1/(2q;'), and the Mandelstam variables satisfy the constraint 

s + t + u = -1/2 (12) 

The coefficients a,/?, 7 are the non-abelian group factors 

a = ^ (^Tr(AiA2A3A4) + Tr(AiA4A3A2)^ , 

P = ^(^Tr(AiA3A4A2) + Tr(AiA2A4A3) 

7 = ^(^Tr(AiA4A2A3) + Tr(AiA3A2A4)) . (13) 

The standard non-abelian kinetic terms of the field theory produce Feynman amplitudes 
that have massless pole in s-channel and tachyonic poles in t- and u-channels. It is shown in 
^29j that the above amplitude reproduce the massless and tachyonic poles of the field theory 
if one expands the string amplitude around 

s^O, t,M^-l/4 (14) 
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The other terms of the expansion are speculated in [291 EHl EI] to be related to the higher 
derivatives of tachyon and gauge fields. In this section we would like to find these higher 
derivative terms to all order of a'. To this end, we write the amplitude (fTO!) in the following 
form: 



A = 4i{27ia')Tpi^(i-C2{2t'){2u') - 2a'Ci-hC2-h{2t') - 2a'(i-h(2-h{2u') j (15) 
/ r(2t' + 2u')r(-2t') T(2t' + 2u')T(-2u') T(-2u')T(-2t')\ 



r(i + 2u') ' r(i + 2t') ' r(i - 2t' - 2u') j 

where t' = t + 1/4 = —a'k2-k^ and u' = u + 1/4 = —a'ki-k^. The amplitude must be 
expanded around 

t', u' ^ (16) 

which is the momentum expansion. Using the Maple, one can expand the amplitude around 
the above point, i.e., 

A = 4^(2W)Tp(^CrC2(2t')(2n')-2a'Ci-fc3C2-A;4(2t')-2a'Crfc4C2-fc3(2n')) (17) 
au' +Jt'^ +rs ^ g [a„,„(an'V- + /5t'V'") + 6„,^7(«'V™ + t-n'-)] 

^tU S n,m=0 

where bn,m is symmetric. Some of the coefficients an,m and 6„,m are 

^0,0 — — Oo,o — —tt; (18) 
o 12 

ai,o = 2C(3), ao,i = 0, 6o,i = &i,o = -C(3) 

ai,i = ao,2 = -77rV90, 02,0 = -47rV90, 61,1 = -vrVlSO, 60,2 = &2,o = -n^Ab 
«i,2 = a2,i = 8C(5) + 47r2C(3)/3, ao,3 = 0, 03,0 = 8C(5), 

&o,3 = -4C(5), fei,2 = -8C(5) + 27r2C(3)/3 

It has been shown in [291 EOl [31] that the poles in the above expansion are reproduced by 
the non-abelian kinetic terms, and the contact terms with coefficients ao,o and 60,0 are also 
reproduced by the following terms: 

Tp(7ra')^STr ( m^T^F^^F''^' + D'^T D^T F^^F''^' - AF^'^'F^pD'^TD^T] (19) 



where the covariant derivative is -D^T = daT — i[Aa,T], and STr is the symmetrised trace 
prescription. They are the two tachyons and two gauge fields couplings of the nan-abelian 
tachyon DBI action ((31). Writing the symmetric trace in term of ordinary trace, one can 
write the above couphngs as 

- Tp{7ra'){a')\CT + + Cf + Cf) (20) 
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where 



3 

r) 2 

= —TT(2D^TD^TF'"^F^p + D'^rF'"'D^rF^p 

CT = ^Ti {2D''TD^TF^pF^'' + D^rF^f,D^rF^'' 

The vertex of two on-shell tachyons and two on-shell gauge fields of the above couphngs is in 
fact the kinematic factor in equation f|T7|l muhiphes by — 7r^(a + /5 + 7)/6. At this order the 
Chan-Paton factors appear in symmetric form, i.e., a + (3 + 7. This is the reason that the 
symmetric trace appears in the field theory couplings ( |T9|) at this order. The Chan-Paton 
factors however does not appear in symmetric form in any other order. So one expects to 
have no symmetric trace in the higher order terms. 

Our strategy for finding the higher derivatives extension of the above couplings is as 
follows. Since the vertex of the above terms appear as coefficient of all higher order terms 
in ( IT7|) . one may find the higher derivative couplings by applying appropriate derivatives on 
the above couplings. The coefficient of each term in the above couplings is set by ao,o and 
60,0 • In the higher derivative extensions one should replace them by an,m and Let us 

focus on terms which appear in the above couplings as 

Cf = m^Ti[4ao,or^F,,F''>^ + 4bo,orF^,rF'''^) (21) 

Extension of ao,o to ai^ is the following: 

(a') Tr 2a,,o[DaTTD''F^,F'"' + TDaTF^^D'^F'"']^ 

= {a') Tr 2ai,o[/^„TTD"F^,F^^ + /i.e.]) (22) 

where DaF^^, = daF^^ — i[Aa, F^^,]. Note that the above Lagrangian is hermitian. Further 
extension to ai 1 is 

{a'f Tr a,,,[D,D,TTD^F^,D'F''^ + DaD^F^^F'^^^D^TD'T + h.c.]^ (23) 
Now, it is not difficult to extend the above couplings to an,m case, i.e., 

(a')"^" «n,mTr Vr.„,{rTF^,F^^) + VnUF^^uF'^TT) + h.c}j (24) 
where the higher derivative operator P„m is defined as 

V^miEFGH) = D,,--- D,^Da, ■ ■ ■ D^^EFD^^ ■ ■ ■ D^-GD"^ ■ ■ ■ D'-H (25) 
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Similarly, the extension of 60,0 to 61^0 is the following: 

{a') Tr 2hifl[DaTD''F^,TF'^' + h.c]^ 

Further extension to 61^1 is 

{a' f Tr 61,1 [DaD.TD^F^^TD'F^^^ + DaD^F^.D^T F^^^D^T + h.c]^ (26) 

and extension to hn,m case is 

{aT"^ a„,™Tr ( V'^JTF.^TF'^n + V'^^JF.^TF'^'^T) + /^.c.) (27) 

where the higher derivative operator is defined as 

V'^JEFGH) = D,,---D,^Da,---D,^ED'''---D''-FGD'^---D'-H (28) 

One can repeat similar steps for all other terms in (!20l) . Hence, the proposal for the couplings 
between two tachyons and two field strengths on the world volume of N non-BPS D-branes, 
to all order of a', is the following: 

00 

£ = -Tp(W)(a')'^"^" E (>^:r + -^r + -^r + -^D (29) 

n,m=0 

where 

Cr = m2Tr(^a„,^[P„„(r2F^,F-^)+P„^(F^,F-^r2)] 

+ bnAKmi'^F.^'^F''^) + V'^^{F,aF^^r)] + h.c^i 

CT = TTi^anAl^nm{D''TD^TF,,F''n+1^nm{F^uF''^'D''TD^T)] 

+ hn,m[K^{D^'FF^,D^TF^^) + V'^^iF^.D^F'^^^D^r)] + /i.e.) 

CT = -2Tr(^a„,^[I)„„(D'^TD^TF^"F,^)+I)„,„(F^"F,^D^TD^T)] 

+ hnAK^iD^TF^'^D^TF^^) + I?;„(F^"D^TF,^D^T)] + /i.e.) 

£r = -2Tr(^a„,^[D„„(D^TD^TF,^F'^")+D„„(F,^F^"D^TD^T)] 

+ 6„,™[p;^(D^rF,^z}^TF'^") + D;^(F„^D^rF'^-D^r)] + h.c^ 

If one calculates the coupling of two on-shell tachyons and two gauge fields from fl29|) . one 
will find the contact terms in the amplitude ( flTl) . 
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When the covariant derivative of the field strength and the second covariant derivative 
of tachyon are zero, the Lagrangian (!29|) reduces to the couphngs (fT9ll which are the two- 
tachyons- two- gauge field strengths couplings of the non-abelian tachyon DBI action. This 
may indicates that the non-abelian tachyon DBI action is the effective action of the non-BPS 
D-branes when fields vary slowly. 

The couplings in (!29|) have on-shell ambiguity, i.e., T ~ 2a'dad'^T. This on-shell ambi- 
guity has no effect on the massless and the simple tachyon poles of the S-matrix elements. 
In the massless pole it is obvious because the tachyons are on-shell. In the tachyon pole T 
appears as — l/2a'), whereas 2a'dad"'T appears as 2a'k^/{k'^ — l/2a'), however, one 

can write it as 

2a'A;2 1 



F-l/2a' k^-l/2a' 



+ 2a' (30) 



hence in the tachyon pole T and 2a'dad°'T have identical effect. However, the deference is 
an extra contact term. By studying a S-matrix element in which the couplings (!29l) appear 
in tachyon poles as well as the contact terms, one way fix the on-shell ambiguity of (1291) . 



2.2 Four massless scalars couplings 



It has been shown in j30l [31] that the S-matrix element of four massless transverse scalars 
and the S-matrix element of four tachyons can be written in a universal form. So, one may 
expect that the higher derivative couplings of four tachyons should be similar to the higher 
derivative couplings of four scalar fields. In fact the tachyon and the scalar fields appear 
in similar form in the tachyon DBI action. The only difference is that there is a potential 
for the tachyon, e.g., e'^"'™-^^^ where m? is the mass of the tachyon. Therefore, to find the 
higher derivative couplings of four tachyons, we first find the higher derivative couplings of 
four scalar fields and then inspired by them we will find the tachyon couplings. 

The S-matrix element of four massless transverse scalar vertex operators in the supersting 
theory is given hy A = Ag + At + where 

A AnTc rr r / r(-23)r(i - 2t) r(-2.)r(i - 2..) v{\-2t)v{\-2u) \ 

As = -4^T,CrC2C3-C4 [a r(_2. - 2t) + ^ T{-2s-2u) ' ^ T{l-2t-2u) ) 

A AiTr tt t { ,, r(i-2.)r(i-2t) r(-2n)r(i - 2.) r(-2^)r(i - 2t) \ 

Au = -4.r,CrC3C2-C4 [-a ^(i _ 2. - 2t) + ^ r{-2u-2s) + ^ r{-2u-2t) ) 

/ r(-2t)r(l - 2s) ^ T{l-2s)T{l-2u) , T{-2t)T{l - 2u) \ 
At = -4.T,CrC4C2-C3 [a ' P r(l - 2. - 2.) + ^ T{-2t-2u) ) 

where C's are the scalars polarization. The on-shell condition for the scalars are kf = 0, and 
the Mandelstam variables constrain to the relation 

s + t + u = (31) 
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In this case the massless poles of the Feynman amphtude resulting from the non-abelian 
kinetic term of the scalars can be produced by the above amplitude expanded at low energy, 
i.e., s,t,u 0. To find the four scalars couplings to all order of a', we repeat the steps in 
the previous section, so rewrite the amplitudes as 

As = 16zTpCrC2C3-C4 X 

/ T{2t + 2u)T{-2t) T{2t + 2u)T{-2u) T{~2t)T{-2u)\ 

r(i + 2M) +^ r(i + 2t) +^r(i-2t-2M)J 

/ r(-2g)r(-2t) r(2t + 2g)r(-2g) r(2t + 2g)r(-2t) \ 
y'r{i-2s-2t) + ' r(i + 2t) + ^ r(i + 2s) J 

At = 16^TpCi-C4C2-C3X 

/ V{2s + 2u)V{-2s) r(-2u)r(-2s) V {2u + 2s)V {-2u)\ 

r(i + 2u) + ^r(i-2s-2M) + ^ r(i + 2s) ) 

Using the Maple, one can expand the amplitude around s,t,u ^ 0, i.e., 

A, = mTpCvUrUtuyi (32) 
au + (3t + 7s 



oo 



AtUS n 
n,in=0 



+ E [a„,„.(aM"r + /3rM™) + 6„,„7(w"t™ + t"0] 



A^ = 16zTpCrC3C2-C4ts X 

7S + /5t + aw 



n,m=0 



+ E K„.(7s"t'" + /5t"s™) + 6„,„«(s"t'" + rs'")] 



A = l6iTp(i-(4^(2-(3SU X 

au+js + pt^ E K,™(a«^5"* + 73"«'") + &n,^/5(n".'" + s"n™)] 

'^^'^'^ n,m=0 

On can also write the lase term in each amplitude in another form, e.g., the last term in 
the first line can be written also as Y^'^rn=oi'tu)"^ (s)"' . They produce different four scalars 
couplings. Up to total derivative terms, the differences are in the couplings which involve 
dad'^(j)\ They have no effect on the simple massless poles of S-matrix elements because 
canceling fc^ with the massless propagator one finds a contact term. 

The massless poles in (1321) are reproduced by the non-abelian kinetic terms of the scalar 
field, and the contact terms with coefficients ao,o and 6o,o are also reproduced by the following 
terms: 

-TpSTt (^~Da(f)'D,<f),D'<f)W''<f), + ^{Da(f)'D''<f),y'^ (33) 

Writing the symmetric trace in term of ordinary trace, one can write it as 

Tp(/:f + + £0°) (34) 
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where 

OTT ^ ' 

To check the consistency of the above couphngs with the (ao,o,&o,o) order contact terms of 
the string theory amphtude ( l32i) . one uses the relation 2/ci-/c2 ^1-^3 = —{ki-k2){k^-ki) — [kr 
^3) (^2 '^4) + (^2'^3)(^i ■^4)- Now one can extend it easily to the higher derivative terms as 

-| 00 

rp / i\n+m \ ^ / r>nrn i r<nm , r<nm\ ^QC:^ 

— Tp(Q;) 2^ (£5 +Cq +£7 ) (35) 

m,n=0 

where 

Cr = -Tr (^a„,„I)„^[D„0*D^0,D>^D>,] + 6„,„P;^[Z},0*D>^D^0,Z}>,] + /i.e. ) 
jrnm ^ (^a„,„I)„„[D„0*Z}^0,D>^D^0,] + b„,^^V'^jDpfD^<pW^<f),D''<P^] + h.c. ) 

It is not difficult to check that the infinite tower of four scalar couplings (1351) produce the 
string theory S-matrix element fl32|) . The above couplings can be extended to the coupling 
of four gauge fields by using T-duality. Up to total derivative terms and the terms like 
FFFdad'^F, which is zero on-shell, one can show that the FFDFDF terms are those appear 
in the literature. We now turn to the couplings of four tachyons. 



2.3 Four tachyons couplings 

The S-matrix element of four open string tachyon vertex operators in the supersting theory 
is given bv p71[28] 



A = -mrJa r(-2')r(-2.) r(-2.)r(-2n) r(-2t)r(-2,.) , 



where the Mandelstam variables are those defined in (fTTj) and satisfy the constraint 

s + t + u = -1 . (37) 

The standard non-abelian kinetic term in field theory produces massless poles in s-, t-, u- 
channels. However, the constraint ( !37l) does not allow us to sent all s, t, u to zero at the 
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same time to produce massless poles. It is shown in [291 EOl EI] that in order to produce 
the massless poles, one should first arrange the amplitude in a specific form, i.e., one should 
write A = As + At + Au where 



T(-l - 2s - 2t) r(-l - 2s - 2u) ' r(-l - 2t - 2u) J 



T(-l-2s-2t) '^r(-l - 2m - 2s) T(-l-2M-2t); 

/ r(-2t)r(-2s) ^ r(-2s)r(-2n) , r(-2t)r(-2M) \ 

= i"r(-l - 2t - 2s) - ^r(-l - 2s - 2u) + ^r(-i - 2t - 2«) ) 



Then one should send 



s — channel : lim Ag 

t — channel : lim At 

t^O ,s,u^-l/2 

u — channel : lim A^ (39) 



These limits are consistent with the constraint (13 



The leading term of this expansion produces the the massless poles of the higher derivative 
theory, and the other terms are speculated to be related to the higher derivatives of the 
tachyon [291 EOl [31]. In this section we would like to find these higher derivative terms up 
to on-shell ambiguity. So we write the amplitude in the following form: 

,( T{2t' + 2u')T{-2t') , J{2t' + 2u')T{-2u') , T{-2t')T{-2u')\ 
As = Ibtlpt u a , ^ ,^ h p , h 7" 



r(i + 2M') r(i + 2t') T(i-2f-2M')y 

" l^"r(i-2s'-2t') ^ r(i + 2to +^ r(i + 2s') 

A - mr u's' r r(2^^ + 2^0r(-2sO r(-2nOr(-2sO V{2u' + 2s'n-2u')\ 



r(i + 2M') r(i - 2s' - 2m') ' r(i + 2s') ; 

where s' = s + 1/2 = —a'ki-k2, t' = t + 1/2 = —a'k2-k^ and u' = u + 1/2 = —a'ki-k^. Now 
the field theory corresponds to expanding the above amplitude around 

s', t', u' ^ (41) 

which is the momentum expansion. Note that s + t' + u' = 0, u + s' + t' = and t + s' + u' = 0. 
Like the scalar case, one should expand the amplitude around the above point, i.e., 

As = IGiTpt'u X 

au' +Jf + 7s ^ g [a„,^(a«'Y- + /?tV) + 6„,^7(«'"t'"^ + t'V-)] 

^'^'^ S n,m=0 
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= 16iTpt's' X 

'7s' + (3t' + au 



At = IQiTps'u' X 



'^'^ ^ n,m=0 

The poles in the above expansion are reproduced by the non-abehan kinetic terms, and the 
contact terms with coefficients ao,o and 60,0 cire reproduced by the following terms 

'42 1 

m\^^ . m^o_ __„^ 1 
T 



-(27ra')'7],STr — + ^T^DaTD'^T - ^{DaTD'^Tf ) (42) 



which are the four tachyons coupling of the non-abelian tachyon DBI action. To check this 
explicitly, one needs the on-shell relation 2^1-^2 kyk^ = — m?{k2-k^ + kyk^ — {ki-k2){k^- 
ki) — {ki-k^){k2-ki) + {k2-kz){ki-k/!). Writing the symmetric trace in term of ordinary trace, 
one can write (I12D as 



Tp{a'f{Cf + Cf + + + (43) 



= 2m^Tr (^ao,oT^ + fecoT' 
= Am^TiiaooT^D^'TD^r + boorD''rrD^T 



where 



-9 

= -2Tr [ao^oDaTDpTD^TD^'T + bo,oD^TD'^TD,3TD''T) 

£00 _ _2Xr (^aofiDaTDfsTD'^TD^T + bQ^D^T D^'T DpT D^T) 

£2° = 2Ti (aoflD D'^T D pT D^T + bo^QD^TDpTD''TD'^T) (44) 

Note that the last three lines add up to 

71-2 , 

— Tr {2D'^TD^TD'^TDrT + D'^TD'^TD^TDbT 
6 ^ 



However, we have written them in the form (1441) to extend them easily to the higher deriva- 
tive terms using the fact that the higher derivative extension of flMl) is fl5^ . The higher 
derivative extension of £9° is like the higher derivative extension of £3° which appears in 
( !29|) . Therefore, the higher derivative extension of (H3!) is the following: 

m,n=0 
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where 



+6„,„[P;^(rZ}"TrZ},T) + V'^^XD^'TTD^TT)] + h.c. ) 
= -Tr (^an,mVnm[Dc.TDpTD^TD''T] + hn,mV[,J^D^r D^T DpT D'^T] + /i.e. ) 

£r = -Tr (^a„,„p„^[D,rz}^rD-rD^r] + 6„,„p;„[D^rD'3rz},TD°r] + /ix.) 

It is not difficult to check that the infinite tower of four tachyons couphngs (145|) produce 
the string theory S-matrix element. It is interesting to note that when the second derivative 
of tachyon is zero, the Lagrangian (l45ll reduces to DBI couplings (l42l) for abelian tachyon. 
For nonabelian case, it does not reduces to the tachyon couplings of the non-abelian DBI 
action. However, as we mentioned before the couplings (H5l) have on-shell ambiguity, i.e., 
T ~ 2a'dad"'T . As long as the on-shell ambiguity is not fixed, one can not use the tachyon 
couplings fj45|) to find the effective tachyon couplings. It has been check in |32] that the 
couplings fH2l) have no on-shell ambiguity, i.e., these couplings appear in the tachyon pole 
and contact terms of the S-matrix element of four tachyons and one gauge field at ^(2) 
order. It would be interesting to compare the infinite tachyon poles and contact terms of the 
S-matrix element found in [32] with the tachyon pole and the contact terms of the scattering 
amplitude of four tachyons and one gauge field using the infinite tower of tachyon couplings 
in (H5|l . This calculation may fix the on-shell ambiguity of all couplings in (l45!l . 



3 Higher derivative terms of brane-anti-brane 

Having found the couplings in the world- volume theory of N non-BPS D-brane, we can now 
find the corresponding couplings in the world- volume theory of brane-anti-brane. It has been 
proposed in [20j that the action of D-brane-anti-D-brane may be given by the projection of 
the action of two non-BPS D-brane with (—1)^^ where Fl is the spacetime left hand fermion 
number. According to this proposal, the couplings in the brane-anti-brane theory can be 
read from the non-BPS branes couplings by using the matrices (jl]) for the field strength 
and for the tachyon. If one replaces them into (1291) and performing the trace, one finds the 
following couplings between two tachyons and two gauge fields: 

oo 

^DD = -Tp{na}{a} {^-100 + ^200 + ^300 + ^400) (46) 

n,m=0 
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where 



nnm _ 
'-IDD 



pnm _ 
'-2DD 



nnra _ 
'-ADD 



m 



+ hnAKmiD'^TFl^D^T^F^^^^) + V^JF^^I^ D^TF^^^'^^D'^T*) + c.c] 
-2 a„,^[P„^(D'3TD^T*F(i)^°Fi^)) + V^.^^F^^^'^'' F^^^ D^TD^T*) + c.c 
+ br.,^[VUD^TF(''>^-D,T*Fi'^) + P;^(F(i)^°D,TFf;D^T*) + c.c 



+ b^,^[VUD^TFi'^D,T*F^' 



V'^^{Fi'^D,TF('^^"D^T*) + c.c. 



plus F^^^ — > F^^) for an^m terms and F^^^ ^ F^"^^ for hn,m terms. In above equation, the covari- 
ant derivative of field strength is ordinary derivative and Da^ ■ ■ ■ Da„T = da^^Da^ ■ ■ ■ F>a„T — 
liA*"^^ — A'^^^)Da2 ■ ■ ■ F)a„T. Note that there are couplings between F^^'^ and F^'^\ For the 
case T = T* and F^^^ = F^"^^ , the Lagrangian ( H6l) is the same as the Lagrangian ( l29l) for one 
non-BPS D-brane as expected. One can do similar steps to find the four tachyon couplings 
in the brane-anti-brane world-volume theory. 

We have found the tachyon couplings from the contact terms of the momentum expansion 
of the string theory S-matrix elements. A nontrivial consistency check of the higher derivative 
theory with string theory is that the tachyon couplings reproduce also the infinite massless 
or tachyonic poles of the string theory S-matrix elements. As an example we consider the 
momentum expansion of the S-matrix element of one RR field Cp_i, two tachyons and one 
gauge field which is nonzero in the world volume theory of brane-anti-brane. This expansion 
has infinite contact terms and also infinite massless and tachyonic poles [22]. The contact 
terms and the tachyonic poles are reproduced by appropriate couplings of one RR field, two 
tachyons and one gauge field in field theory which has been found in [22], i.e., the higher 
derivative couplings in the Introduction section. The massless poles are the following: 



■ap-ia TT 



p\{s + t + u + 1/2) 



ha{t + l/^){a'Ch) - -Us + l/4)(t + 1/4) + (3 



2) 



oo 



X E rf„,^(s+t+i/2r((t+i/4)(s+i/4)r 

n,m=0 

where some of the coefficients d^^rn are 

dofi = -ttVS, c?i,o = 8C(3) 
:2,o = -77rV45, do,i = 7rV45, dg.o = 32C(5), d 



(47) 



d 



1,1 



-32C(5) + 8C(3)7rV3 
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The Mandelstam variables in (jUj) are 



rv' rv' rv' 

s = --ik, + hy, t = --ik, + k,), u = --{k^ + k^f (48) 

In above, ki is momentum of the gauge field and A;2;^3 are the tachyon momenta. It has 
been speculated in [22] that the above massless poles should be reproduced by the higher 
derivative theory once one knows the two-tachyon-two-gauge field couplings. 

Now using the two-tachyon-two-gauge field couplings (H6ll . one can reproduce the string 
theory massless poles (H7|) . To this end, consider the amplitude for decaying one RR field to 
two tachyons and one gauge field in the world-volume theory of brane-anti-brane which has 
the following Feynman diagrams: 




Figure 3 : The Feynman diagrams corresponding to the amphtude in 



In field theory, this amplitude is given by 

A = Va{Cp.uA)Gab{A)VM,Ti,T,,A^''>) (49) 

where A should be A^^^ and A^'^^ . In above Ti is the real component of the complex tachyon, 
i.e., T = (Ti + %T-2)j^2. It has been argued in [22] that the coupling between one RR and 
one gauge field which is given by the Wess-Zumino terms, and the kinetic term of the gauge 
field have no higher derivative correction. Hence, they are given by [23] 

I A\ ^ 

' {2Tia'fTp{-a'k''/2) 
V;(Cp„i,A(^)) = 2/Xp(27ra')^e,„...,^_,,i/'^''-«-i (50) 

K(Cp_i,A(2)) = -z/Xp(27ra')^eao...a,_iai^"°-"^-^ 

The vertexes Vb{A, A*^^-*, Ti, Ti) which have higher derivative corrections, can be derived from 
()46|). One finds that the vertex Vi{A^^\ A^^\Ti,Ti) is given by 

-zrp(7ra')(a')'(-«')"+'"«n,^ {k, [{s + 1/4)(2A;2 ■ i) + it + l/mh ■ 0] (51) 
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+ [k2bit + l/4)(2eA;3) + ksbis + l/4)(2e.A;2) - + 1/4) (t + 1/4)]) 

X ( {krkrikyk.r + {krknks-k,r + {h-kr^k^-k^r + {krkr^krk,) 
+{ks-kr{k2-kr + {ks-knk2-kr + {k.-k^nk^ksr + {h-k2nkrksr 

and the vertex Vb{A^^\ A^^\Ti,Ti) by 

-zrp(W)(a')'(-a')"+™&n,™ ih lis + 1/4)(2A;2 ■ + + 1/4)(2A;3 • 0] (52) 
+ [k2bit + l/4)(2eA;3) + ksbi-s + 1/A){2^.k2) - 6(s + 1/4) (t + 1/4)]) 

X {ks-kr{ks-k,r + (A;3-A;)"(A;3-A;i)"^ + {k2-kr{k2-k,r + {k2-ky\k2-k^r 

+{krkr{k2-kr + ikrknk2-kr + {k,-k2r{k,-k:,Y + {h-k2T{k,-k:,y 

where fc" is the momentum of the off-shell gauge field. Now one can write ki-k = — (fci-/c2 + 
ki-k^), k2-k = ki-k^ — k"^ and k^-k = ki-k2 — k^. The fc^ in the above vertex will be canceled 
with the k'^ in the denominator of the gauge field propagator resulting a bunch of contact 
terms of one RR, two tachyons and one gauge field, i.e., the diagram (b). They should be 
subtracted from the contact terms that have been extracted from the S-matrix element of 
one RR, two tachyons and one gauge field, i.e., the couplings in ([9]). Let us at the moment 
ignore the contact terms and consider only the massless poles of the amplitude (H9|l . i.e., 
diagram (a). Replacing (!52|) . (I5T1) and (1501) in fH9|) . one finds the following massless pole: 



2ijj,p{a 



,ao - ap-ia TJ 
/\2 -'-'ao-flp-i 

' p\{s' + t' + u) 



k2ait')ia'^.ks)~^Us')it') + i3^2) 



(53) 



oo 



n,m=0 

where t' = t + 1/4 = —a'ki-k2 and s' = s + 1/4 = —a'ki-k^. 

The above amplitude should be compared with the massless poles in ( H7|) . Let us compare 
them for some values of n, m. For n = m = 0, the amplitude has the following factor: 

4(ao,o - &o,o) = — - 
which is equal to (Iq q. At the order of a', the amplitude (1531) has the following factor: 
2(ai,o + ao,i-6o,i-&o,i)(s' + t') = 8C(3)(s + t + 1/2) 

which is equal to difi{s + 1 + 1/2) in (147|) . At the order of {a')^, the amplitude (153|1 has the 
following factor: 

4(ai,i - 6i,i)(s')(t') + 2(ao,2 + a2,o - ^0,2 - &2,o)[(s')' + (t')'] 

'^'^ [s' + t'Y + ^is'){t') = d2,ois + t + 1/2)2 ^ ^^^^(^ ^ ^/4)(^ ^ ^/4) 



45 ' ' 45 
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At the order of {a'Y, the amphtude (153!) has the following factor: 



2(03,0 + ao,3 - bo,3 - b3,oW? + (tf] + 2(ai,2 + 02,1 - 61,2 - b2,i){s'){t'){s' + t') 
= 32C(5)(s' + t'f + (-32C(5) + 87r2C(3)/3)(/)(t')(s' + t') 

which is again exactly equal to the corresponding terms in fHTj) . Similar comparison can be 
done for all order of a' . Hence, the field theory amplitude fl53l) reproduces exactly the infinite 
tower of the massless pole of string theory amplitude In particular, this consistency 

requires to have couplings between F*^^) and F^'^^ which is in fact the the coefficients 

hr, m in (USD are non-zero. 



Finally, let us now return to the contact terms that the field theory amplitude 
produces. Using the Binomial formula, one can write the contact terms as the following: 



(m 
2E 

n,m 

+ E 

e=i,j=i 



l\2^ -'-'ao'-ap-i 



1 



ea(s')(t') + (3--2) 



n,m=Q 



n \ I m 
J 



(54) 



Note that the above couplings have at least four momenta. They can be rewritten in the 
following form: 



,ao --ap_ia tt 
■I i\2 ^ -'-'ao-'-Qp-i 

H" j — 

pi 



hait + l/4){a'Ck3) - -Us + 1/4) (t + 1/4) + (3^2) 



X E e;„,J. + t + « + l/2)^(. + t + l/2)"((t + l/4)(. + l/4))' 

p,n,m=0 



(55) 



where e'p ^^^^ can be written in term of a„,m and &n,m- The contact terms of one RR, two 
tachyons and one gauge field that have been extracted from string theory S-matrix element 
in [22] have the above structure. Hence, the coefficients ep^n,m in the couplings ([9]) should be 
replaced by 



(56) 



This makes the higher derivative theory to produce the string theory S-matrix element. 
Since the couplings fH6l) have on-shell ambiguity, the contact terms in fl5^ have also on-shell 
ambiguity. The on-shell ambiguity of the couplings in fl29|) or in fH6l) . however, may be 
fixed by studying the S-matrix element of three tachyons and two gauge fields because the 
couplings fl2^ appear in the tachyon poles and in the contact terms of this S-matrix element. 
It would be interesting to perform this calculation. 
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